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Abstract—A mathematical model of a spherically symmetric quiescent droplet undergoing quasi-steady
vaporization in the region of its thermodynamic critical point was investigated. By steady state it is implied
that all the energy arriving at the droplet surface is carried away entirely by the mass transfer. Calculated
steady state temperatures and rates of vaporization of a liquid carbon dioxide droplet vaporizing in a
nitrogen atmosphere are reported for ambient temperatures of 500-1600°K and pressures of 70-120 atm.
The calculations include the effects of non-ideal mixtures, solubility of nitrogen in the carbon dioxide
liquid, variation of the properties through the boundary layer, the effect of total pressure on vapor pressure,
and the non-ideality of the enthalpy of vaporization. All of these effects were found to be important. The
theory indicates that at sufficiently high pressures, steady state conditions cannot be attained. This implies
that the droplet vaporizes unsteadily from its injection conditions until complete vaporization takes place.
At a fixed pressure, the thermal boundary layer increases with increasing ambient temperature and at a
fixed droplet temperature decreases with increasing total pressure. The steady state mass vaporization
rate increases with increased pressure and/or increased ambient temperature. The droplet temperature
increases slowly with ambient temperature, the rate of increase being slowest in the region near the
critical pressure.

NOMENCLATURE h, parameter in

Redlich-Kwong

in Redlich-Kwong

equation of state;

equation of state; Ji molar flux of species i relative to
c, total molar concentration [g- the molar; average velocity [g-
mole/cm®]; mole/cm?s];
Ci molar concentration of com- k, thermal conductivity [cal/cm s
ponent i [g-mole/cm®]; °K];
Cpis molar specific heat of component m, constant defined by equation 21
i at constant pressure [cal/g-mole [g-mole/cms];
°K]; N, molar flux of species i with respect
Cpis partial molal specific heat of com- to stationary coordinates [ g-mole/
ponent i [cal/g-mole °K]; cm? s];
D 43, binary diffusivity for system 4-B P, total pressure, atm;
[em?/s]; P., critical presure of component i,
A fugacity of component i [atm]; atm;
H, enthalpy of component i [cal/g- P, vapor pressure, atm;
mole]; R, gas constant [atm cm?/g-mole °K ]
H, partial molal enthalpy of com- or [cal/g-mole °K];
ponent i [cal/g-mole]; r radial distance in spherical co-
, - ordinates [cm];
of 'the National Aeronsuties and Space Admimisraton, T radial distance near edge of therm-
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al boundary layer [cm];



T, temperature [°K];

T, temperature for r > r* [°K];

) critical temperature of component
i[°K];

Tij critical temperature characteristic

of the i-j interaction [°K];

t, time [sec];

t,, vaporization time [sec];

v, molar volume [cm?/g-mole];

Vgir critical volume of component i
[cm?/g-mole];

Vgijp critical volume characteristic of
the [i~]; interaction [cm?/g-
mole];

w, molar flow rate of the diffusing
vapor [g-mole/s];

X mole fraction of component i;

X, mole fraction of component i for
rerr

z, compressibility factor.

Greek symbols

i, latent heat of vaporization [cal/g-
mole];

Q./9,, dimensionless constants in the
Redlich-Kwong equation of state;

w, acentric factor.

Superscripts

I, liquid phase;

0, value in the ideal gas state;

v, vapor phase.

Subscripts

A, species 4;

B, species B;

i, component i;

b component j;

0, droplet surface;

o0, ambient conditions.

INTRODUCTION
IN HIGH pressure combustion chambers, such
as those encountered in Diesel engines and
liquid propellant rocket motors, the influence
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of the droplet vaporization process on engine
performance is of primary importance. While
many investigations of droplet vaporization
have been carried out in the past, relatively few
have dealt with high pressure environmental
conditions where the droplets may approach
their thermodynamic critical point. Spalding
{1] analyzed the combustion of fuel droplets at
supercritical pressures using a point source
model and the theory of unsteady heat con-
duction. More recently, Rosner [2] has modified
the Spalding model by taking into account the
finite dimensions of the droplet. The underlying
assumption in [1] and [2] is that the droplet
rapidly becomes a dense vapor and subsequently
burns like an initially well defined “puff of gas™.
Wieber [3] applied a low pressure quasi-steady
vaporization model to investigate vaporization
in the region of the critical point. He concluded
that a fuel droplet in a rocket chamber can reach
its critical temperature before the vaporization
process is completed and that small pressure
disturbances may lead to combustion instability
in this region. However, none of these in-
vestigations have taken into account the non-
ideal effects which are encountered at high
pressures and the effects of pressure on the
physical properties. The purpose of this in-
vestigation is thus to obtain a more basic
understanding of the vaporization process in
the region of the critical point and to take into
account the non-ideal effects. Such a treatment
although complicated by uncertainties in the
determination of thermodynamic and transport
properties which may exhibit anomalous be-
havior near the critical point nevertheless should
provide a means for understanding the experi-
mental data as it becomes available.

Although the heating-up period in the vapori-
zation process plays an important role, only
steady state conditions are considered here in
order to simplify the analysis. By steady state, it
is implied that all the energy arriving at the
droplet surface is carried away by the mass
transfer while the droplet remains at a constant
temperature.
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The basic relationships are first derived in a
generalized form for a binary system. These
relationships are then applied to a liquid carbon
dioxide droplet undergoing quasi-steady vapori-
zation in a nitrogen atmosphere. This selection
of components was made because both are non-
polar and of relatively simple molecular struc-
ture.

THEORETICAL MODEL

In order to simplify the analysis and concen-
trate on the non-ideal effects, spherical symmetry
is assumed. This means that gravitational and
hydrodynamic effects are neglected. The entire
liquid droplet is assumed to be at a uniform
constant temperature and absorption of nitrogen
into the liquid phase is assumed to be confined
to a thin layer at the droplet surface. Equilibrium
is assumed at the liquid-vapor interface when
calculating the thermodynamic properties there.
Only unidirectional ordinary diffusion taken
into account and the system is considered to be
non-reacting  Viscous dissipation, radiant
energy exchange, and the Dufour energy flux are
neglected.

With these assumptions the effect of droplet
surface regression is neglected. Hence, the
vaporizing droplet is approximated by a porous
sphere supplied with liquid from its interior.

In the analysis that follows, species A and B
refer to those of the diffusing vapor and stagnant
environment, respectively.

An energy balance on a spherically symmetric
shell surrounding the droplet leads to the
following differential equation

d — T
a(rZNAHA) = % (rzk %r—), r>r, (1)
where H ,, the partial molal enthalpy of com-
ponent A, and k, the thermal conductivity of
the gaseous mixture, are in general functions of
temperature, pressure, and composition. This
relation equates the energy transferred by the
mass motion to that transferred by heat con-
duction.
A mass balance on a spherical shell sur-
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rounding the droplet leads to

ad-r(er J=0, r>r, )]

Equation (2) shows that the mass flow rate of
the diffusing vapor is constant with respect to
the radial distance. The molar flux of 4 relative
to stationary coordinates, assuming that the
molar flux of component B is relatively smali
compared to the one of A4, is given by [4]

Na=J41-xy) 3)

where J,, the molar flux of A4 relative to the
average molar velocity of the mixture is given
by Fick’s first law for ordinary diffusion:

d
JA = _CDABderA

)

This is a defining equation for the binary
diffusivity D ,5 Although there are many alterna-

-tive forms of equation 4, the form above is used

in this work because it does not have limitations
[5]

The error in neglecting the motion of the
droplet surface may be estimated by calculating
the ratio of molar fluxes at the interface. The
actual molar flux of component B may be
approximated by Njg = cxgzdry/dt. Further-
more, by continuity, the molar flux of the
diffusing vapor is N, = —c! dr,/dt. Hence, it
follows that

INg/N4 =1 =x)c/ctr=r, 5)

For a given value of total pressure in the
system, as the droplet temperature increases
the density ratio, c/c!, increases but the con-
centration of component B, (1 — x,), decreases.
In the range of environmental conditions studied
here, the flux ratio varies from 5 to 17 per cent.

It should be noted that an accurate descrip-
tion of the absorption of B into liquid A4 re-
quires a knowledge of the coefficient of diffusion
in the liquid phase. In the absence of such data
only limiting cases are considered.
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Since the total pressure is essentially constant,
by the chain rule

dH, OH.dx, . dT

dr ~ ox, dr = M dr )
and

d_ dkdx, dkdT

dr  dx, dr 0T dr

where the stoichiometric relation x, + x5 = 1
must be satisfied.

Using these expressions the equations of
change become

dr? r koT dr kox, dr
__W_E ‘_1_7:_ w aHAd_’fé_ )
anr’k ) dr  4nr?k 0x, dr
and
d rtcD 5 dx,
e A0
dr( l—xAdr) ©)
or integrating equation (9)
-
4nr’N,=w= I (10)

l-xA dr.

To determine their boundary conditions, it is
required that

(1)
Furthermore, the temperature of the environ-
ment is specified as

T=T, (12)

The boundary conditions at the droplet
surface require special consideration. Assuming
small departures from equilibriim at the inter-
face, the concentration of species 4 in the gas
phase, expressed as mole fraction, may be
represented by the vapor-liquid equilibrium
relationship:

x,=0 at r=o0

at r = .

(13)

where T, is the droplet temperature and P is the
total pressure.

Xq0 = X40(To, P) 8t r=1g
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Under steady state conditions, all the energy
transferred to the droplet surface by heat con-
duction is carried away entirely by the mass
transfer, Hence it follows that:

dT o .
4nr(2,k—a; =wH, - H)atr=r, (14

Before proceeding to the evaluation of both
boundary conditions (13) and (14}, let us
analyze some simplifying assumptions.

One commonly used approximation for equa-
tion (13) is to express the mole fraction of
component A in the gas phase, at the interface, as
the vapor pressure of pure component A at
the equilibrium temperature T, divided by the
total pressure, i.e.,

on = PU(TO)/P at r= ro. (15)

This equation assumes that B is insoluble in A4,
that the equilibrium vapor pressure of pure
component A4 is not affected by the presence of
gas B, and that the gaseous mixture obeys the
equation of state for ideal gases. It will be shown
later that this relationship is far from being
correct at the pressure levels encountered in the
critical region.

Another approximation commonly used is
to replace the term (HY, — H,) in equation (14)
by the latent heat of vaporization of pure com-
ponent 4, evaluated at the equilibrium tempera-
ture T, This is an oversimplification at high
total pressures. The term (HY — H) is the
amount of heat absorbed per mole when com-
ponent A evaporates from the liquid solution
into the gaseous mixture, at T, and P, whereas 4
is the heat required to evaporate a pure sub-
stance from liquid into its vapor, at T, and
P(Ty)

The trends predicted by the use of these
simplified boundary conditions, although per-
fectly valid at low pressures, fail to be correct at
high pressures. Now, for thermodynamic equi-
librium at the interface, besides the temperature
and pressure being equal in both phases, the
fugacity (or chemical potential) of every com-
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ponent must be the same in both phases, i.c.,

T = constant
P = constant
fa=fu
f5=1rb
To solve the equations of change and their
boundary conditions, a suitable equation of
state has to be used. The simple Redlich-Kwong
equation of state has proved to be reliable and
is regarded as the best two-parameter equation
now available [14]. It is of the form [6]

_ RT _ a
Tv—=b T®Suv+b)

where a and b may be taken as functions of
composition and depend on the particular
components involved.

Boundary conditions (13) and (14) are com-
puted basically from equations (16) and (17).
The detailed working forms of the equations
are presented in the Appendix.

Finally, the integration of the equations of
change requires knowledge of the thermal con-
ductivity of the mixture, k, as well as the binary
diffusivity, D,z or the product cD .5 Very few
experimental data are available on these trans-
port properties for high pressure gas mixtures.
The correlations used in this work are presented
in the Appendix with some of their limitations.

t16)

P (17

APPLICATIONS TO A CO,-N, SYSTEM

The components studied in the critical region
were carbon dioxide (component A4) vaporizing
in a nitrogen atmosphere (component B). The
critical temperature of pure CO, is 304-2°K and
its critical pressure is 729 atm.

First, let us consider the boundary conditions.
Figure 1 shows a calculated composition-
pressure diagram for constant equilibrium tem-
peratures of 273-78°K and 288-99°K (090 T,
and 095 T, respectively). For a given isotherm,
the lower side of the solid curve shows the
concentration of carbon dioxide in the gas
phase which is in equilibrium with a corres-
ponding liquid phase concentration represented
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Fic. 1. Calculated vapor-liquid equilibrium isotherms for

the carbon dioxide-nitrogen system. The broken lines corres-

pond to the ideal vapor phase compositions predicted by
equation (15).

by the upper side of the curve for different values
of total pressure. Above a certain pressure the
mole fraction of carbon dioxide in the gas phase
increases rather than decreases, with the result
that at still higher ‘pressures liquid and gas
phase composition become equal at the critical
point. Accordingly, for a given isotherm, there
exists a definite upper limit on the total pressure
of the system above which steady state condi-
tions cannot be attained. States outside the
envelope enclosed by points C, D, E, . . . are
intrinsically unsteady. It is observed -that the
range of total pressures in order to achieve
steady state temperatures becomes wider as the
droplet temperature (which depends also on the
ambient temperature) decreases in the region of
the thermodynamic critical point of carbon
dioxide.

The broken lines represent the ideal vapor
phase compositions predicted by equation (15).
It is apparent that this relationship does not
hold at high levels of total pressure.
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The behavior illustrated in Fig. 1, which
applies only at the interface, may be understood
qualitatively for the partial molal volume of
carbon dioxide reverses its sign at high pressures.
Unlike the molal volume of a pure component,
the partial molal volume may be either positive
or negative. Since the partial molal volume of a
component represents the volume change which
is experienced by the entire mixture when a very
small amount of that component is added at
constant temperature and pressure, the gaseous
mixture tends to shift its properties from a
gaseous to a liquid state.

Considering the approximations involved and
that only very few pure component data are
required, the agreement with the experimental
data of Zenner and Dana [7] is found satis-
factory. Near the critical mixing point the
equilibrium results are extremely sensitive to
small errors in the quantities involved and as a
consequence, it was found that the critical
points C, D, E, . . ., are somewhat scattered.

Figure 2 shows the isothermal difference in
the partial molal enthalpies of carbon dioxide

2500 Fomm——mmmmmmmm e o

2000

cal/g mole

1500

1000

Heat of vaporization,

500

130

atm

Total pressure,
FiG. 2 Isothermal difference in the partial molal enthalpies
of carbon dioxide, (H, — H')), as a function of total pressure.
The broken lines correspond to the latent heat of vaporiza-
tion of pure CO,, (T), evaluated at the same temperatures.
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across the interface, H, — H',, as compared to
its latent heat of vaporization, A for the same
equilibrium temperatures.

At points C, D, and E of Fig. 1, the term
(A% — H') becomes equal to zero since the
temperature, pressure, and composition are
identical in both phases. The broken lines
represent the latent heat of vaporization of
carbon dioxide evaluated at 273-78°K and
288-99°K by means of the generalized enthalpy
deviation charts of Lydersen, et al [8]. Thus,
even at a subcritical temperature of carbon
dioxide, the difference in enthalpies across the
interface may vanish. Figure 3 shows a typical
pressure-molar volume diagram for the carbon
dioxide—nitrogen system.

Thus far complete thermodynamic equi-
librium at the interface has been assumed. Con-
sidering that the rates of vaporization may be
large enough that thermodynamic equilibrium
at the interface may not be attained, let us
analyze the boundary conditions and their
results by assuming that nitrogen is insoluble in
liquid carbon dioxide. In other words, let us
postulate that very few of the nitrogen molecules
in the gas phase that strike the interface have
sufficient time to penetrate and become dissolved
in the liquid phase.

For the case of zero nitrogen solubility, the
computed values of carbon dioxide concentra-
tion in the vapor mixture are generally higher
than those obtained under thermodynamic
equilibrium conditions. Furthermore, the iso-
thermal concentration of carbon dioxide starts
increasing at a certain value of total pressure
lower than in the corresponding thermodynamic
equilibrium case (approximately 80 atm for the
273-78°K isotherm). One difficulty is encoun-
tered with this hypothesis. Since the critical
points, where the temperature, pressure, and
composition are the same in both phases,
cannot exist as a consequence of the assumption,
there is no clear transition from two to one
phase states. Although the difference in en-
thalpies, (H%, — H.), across the interface does
not vanish at any isotherm different from the
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FiG. 3. Pressure-molar volume diagram for the carbon
dioxide-nitrogen system at 7/7;, = 0:90.

critical of carbon dioxide, it does follow the
same trends as those predicted under thermo-
dynamic equilibrium conditions.

Approximate calculations show that the
partial molal enthalpy of CO, in the liquid
solution is nearly the same as the one for pure
liquid CO,, at the same temperature and
pressure. Thus, there is a negligibly small
temperature difference between the core of the
droplet and its postulated interface.

CALCULATION TECHNIQUE

The numerical integration of the equations of
change throughout the nitrogen—carbon dioxide
vapor film was carried out by using a recursive
formula of the third category due to Heun [9].
The partial derivatives which appear in equa-
tion (8) were determined by a centered difference
technique.

Setting the total pressure, the integration was
initiated at the droplet surface by fixing its
temperature. The rate of vaporization was
iterated until the mole fraction of carbon
dioxide vanished at a large distance from the

droplet. The proper nitrogen temperature re-
results. Since the ambient conditions are
approached asymptotically, the numerical in-
tegration in the vapor film was carried out to a
certain radial distance, r*, where the temperature
profile did not change appreciably. At this point
the equations of change were modified by
assuming constant k, ¢,, and cD,s and
neglecting the last term in equation (8) which is
very small for r > r*. These simplifications lead
to the following solutions where %, and T are
used to indicate that they hold only for r > r*,

%,r) = 1 — exp. (—w/4ncD 5t) (18)
and
dnr’k dT
Too = T(T) + WEPA F
x [exp. (W, Janrk) — 1]|,-..  (19)

When x, = X, at r = r*, the iterated rate of
vaporization is the correct solution and the
temperature of the surrounding gas can be
determined accurately from equation (19).
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CALCULATION RESULTS

Both temperature and concentration varia-
tions in the mixture surrounding the droplet
are confined to a thin region of the order of
magnitude of several droplet diameters. At a
given value of total pressure the thermal
boundary layer increases with ambient tempera-
ture whereas the concentration boundary layer
thickness remains essentially unchanged.
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FiG. 4. Property variations in the film surrounding a 10004

radius carbon dioxide droplet vaporizing in nitrogen at

729 atm and 1595°K. Thermodynamic equilibrium at the
interface is assumed.

Property variations in the film surrounding
a droplet are shown in Fig. 4. For these condi-
tions the mixture compressibility factor changes
from a value of about 0-68 to unity in a small
radial distance of the order of ome droplet
radius from the surface.

Figures 5 and 6 show that the higher the
ambient temperature, the higher the rate of
droplet vaporization and the higher the steady
state temperature, under fixed pressure condi-
tions. As carbon dioxide approaches its critical
points, essentially no nitrogen surrounds the
droplet and hence a large temperature difference
between the ambient and droplet must exist so
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FI1G. 5. Variation of mass vaporization rate with nitrogen

temperature for a total pressure of 729 atm and a droplet

radius of 1000 ; (a) assuming thermodynamic equilibrium

at the interface and (b) assuming that N, is insoluble in
CO, liquid.
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liquid.



STEADY STATE DROPLET VAPORIZATION

that heat may be conducted to the droplet
surface. These figures also show that, for the
same ambient conditions, there is a small
difference between the computed steady state
temperatures and mass vaporization rates by
using in the model either one of the two assump-
tions at the interface previously discussed, i.e.,
thermodynamic equilibrium and no nitrogen
solubility in liquid carbon dioxide. However, it
should be pointed out that for values of total
pressure higher than the critical pressure of
CO,, the difference between the computed
steady state results is greater; e.g., at ambient
conditions of approximately 84 atm and 1290°K
the rates of vaporization differ by about 24 per
cent and the steady state temperatures by 7 per
cent. Since the equilibrium postulate is thermo-
dynamically consistent, the results reported
hereafter use this assumption.
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Cross plots of steady state temperatures and
vaporization rates are shown in Figs. 7 and 8.
These curves are terminated on the right at the
critical mixing line since points at higher
pressures do not correspond to steady state
solutions and can only be reached by an un-
steady process. For a given liquid temperature
the vaporization rate and nitrogen temperature
decrease rapidly with increased pressure. The
vaporization rate tends to level off and increase
slightly as the critical mixing line is approached.
For a given nitrogen temperature the steady
state temperature and vaporization rate increase
as the pressure of the system is increased. The
higher the pressure, the higher the rate of
increase of the steady state temperature with
ambient temperature.
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ization rate. Droplet radius = 1000 .
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Schematically, Fig 9 indicates that for all
those environmental conditions to the left of
the line defined by points C, D, E, . . . , whose
abscissae are determined by the critical mixing
pressures (point C is fixed by the critical
pressure of CO,), the liquid droplet heats up
from its injection temperature to its steady
state temperature remaining at this condition
until the vaporization process is completed. On
the other hand, for all the ambient conditions
to the right of the mentioned line, the droplet
continuously heats up from its injection condi-
tions until the vaporization process is completed.

Unsteady vaporization
throughout the dropiet
lifetime

Critical mixing

Ambient temperature

Total pressure

FiG. 9. Schematic diagram illustrating ambient conditions
where steady state solutions exist.

Near the critical mixing line, where the change
of enthalpy at the droplet interface is small,
slight inaccuracies in the determination of the
critical mixing pressure cause large inaccuracies
in the enthalpy of vaporization and conse-
quently, the steady state results may be affected.
To analyze the overall sensitivity of the model
to this inaccuracy, a change of approximately
5 per cent was made in the critical mixing
pressure of the 096 carbon dioxide critical
isotherm. This caused a difference in the
enthalpy of vaporization of the order of 30 per
cent at 102 atm. However, under nitrogen
conditions of 850°K and 102 atm the calculated
steady state results are virtually the same.
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Vaporization times may be readily estimated
from the foregoing results. Integrating the
equation of continuity for the diffusing vapor
leaving the droplet between t =0 and ¢t = ¢,,
the following expression is obtained

t, = (2ncly/m)r} (20)
where the constant m is defined by
m = w/r,. (21)

Equation 20 shows that there is a linear
relationship between the steady state vaporiza-
tion time and the square of the droplet radius.
For some given environmental conditions, the
constant m may be obtained from Fig 8 and
the pure CO, molar density from [8].

Low pressure model

It is of interest to compare the foregoing
computed results with those given by a simpli-
fied quasi-steady low pressure model which
assumes constant mean physical properties and
ignores all the non-idealities. Omitting the
details, the solution of the simplified equations
of change and their boundary conditions gives
the following expressions for the steady state
temperature and mass vaporization rate:

Ty = T, — (4/c3,) [exp. (wed /4mk®rq) — 1]
22

w = [4ro/(Tocps — H] {(PDYscp/R)
x m[PAP - P)] — kAT, — To)}.  (23)

A comparison of the results predicted by
equations (22) and (23) with those given in [10]
showed satisfactory agreement at a total pres-
sure of 1 atm.

Figure 10 shows the steady state temperatures
and mass vaporization rates predicted by both
high pressure and low pressure quasi-steady
models as a function of total pressure and a
nitrogen temperature of 600°K. Other steady
state results under a system pressure of 729 atm
are presented in Fig. 11.

The following conclusions may be drawn from
these calculations:
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(a) The low pressure model may predict more
than one or no analytical solution at high
pressure levels as is illustrated in Fig. 10.
Although the broken line solutions may arbi-
trarily be considered unrealistic, the results are
beclouded by the fact that the solution is not
unique.

(b) At low ambient temperatures and high
system pressures, the rates of vaporization
predicted by the low pressure model are lower
than those given by the high pressure model,
e.g, at 475°K and 115 atm the low pressure
model rate of vaporization is about 35 per cent
lower than the high pressure model mass
vaporization rate.

(c) At high ambient temperatures and a
system pressure equal to the critical pressure of
CO,, the rates of vaporization predicted by the
low pressure model are higher than those
predicted by the high pressure model, e.g., at
1600°K and 72-9 atm the low pressure model
rate of vaporization is about 22 per cent higher
than the high pressure model mass vaporization
rate.

The steady state temperatures predicted by
the low pressure model are in general higher
than those obtained with the high pressure
model, under the same environmental condi-
tions. As a consequence, the low pressure model
adjusts itself to the increase in the total pressure
of the system by decreasing the latent heat of
vaporization and increasing the vapor pressure
at the interface, along the pure CO, saturation
curve, thus reducing in part the large property
discrepancies between these models; e.g, at
600°K and 729 atmospheres, the increase in the
steady state temperature reduces the difference
in the heats of vaporization of these models
from about 56 per cent to 50 per cent and the
CO, mole fractions at the interface from
approximately 32 per cent to 23 per cent.

Although the results given by both models
are not completely different under the same
ambient conditions, it nevertheless may be
considered fortuitous that the low pressure
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model estimates the steady state temperatures
and rates of vaporization without larger dis-
crepancies, for the low pressure model is un-
realistic in itself at high levels of total pressure.

CONCLUDING REMARKS

It is evident from the foregoing analysis that
for a given value of ambient temperature there
is an upper limit in the total pressure of the
system above which steady state conditions
cannot be attained in the vaporization process.
This implies that for pressures above this limit
the droplet vaporizes unsteadily from its in-
jection conditions until complete vaporization
takes place. This remark seems to be supported
by recent liquid temperature measurements [11]
which indicate that at high pressure levels the
temperature rises continuously throughout the
droplet lifetime. Therefore, supercritical tem-
peratures may only be reached by an unsteady
process.

Non-ideal effects cannot be ignored. The
effect of the inert gas pressure on the vapor
pressure is appreciable at high pressures and
the enthalpy of vaporization is drastically
modified.

By assuming constant mean physical proper-
ties, the steady state temperature is predicted
without significant difference but the rate of
vaporization is approximately 35 per cent
higher than the corresponding variable proper-
ties case, under ambient conditions of 729 atm
and 1600°K.

The assumption of unidirectional diffusion
in the steady state regime becomes gradually
less valid as the ambient temperature is de-
creased and the pressure in the system is
increased.

In agreement with previous studies the time
of vaporization spent under steady state condi-
tions is proportional to the square of the
droplet diameter.

Because experimental data is not available
for comparison purposes the accuracy of the
model is difficult to assess. The uncertainties in
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the properties of high pressure mixtures cer-
tainly may affect the absolute values reported.

Comparing the results obtained with those
given by a simplified low pressure model, it is
observed that the simplified model does have
more than one or no analytical solutions at
high pressures levels. Furthermore, under some
given N, conditions of temperature and pres-
sure, equations (22) and (23) predict steady state
conditions which physically cannot be obtained
as may be understood from Fig. 1. This clearly
indicates that the low pressure model is not
properly posed for high pressure environmental
conditions.
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APPENDIX
(a) Thermodynamic Properties
The Redlich—-Kwong equation of state is

P=RT/v—b) — a/T* v(v + b). (A1)

In order to apply equation (A.1) to mixtures
several mixing rules are possible.

In terms of the gaseous mixture compressi-
bility factor, equation (A.1) was arranged in the
following form [6]:

z=1/1 - h)— (AYB)hj1 + h) (A2)

where
A= Z x{0-4278T2*%/P,, T* %) (A.3)
B = Z x{0-0867T,/P_;T) (A.4)
h = BP/z. (A5)

Inspection of equations (A.1) and (A.2) shows
that solving for v or z (given T, P, and x))
involves trial-and-error calculations. Hence, for
digital computer programming it is convenient
to rewrite equation (A.2) as

23 — 72 + (A2 — B — B*P)Pz — A?BP? = 0
(A.6)
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The mixture compressibility factor was deter-
mined at each point through the boundary layer
from equation (A.6) by the Newton—Raphson
method. The pure component critical constants
were determined from [12].

The partial molal enthalpies were determined
by the following thermodynamic relation

(HY — H)/RT? = [In(f/xP)]/0T (A7)
where, in the gas phase [6]

In(f/x;P) = (B/B)(z — 1) - In(z — BP)
— (A%/B)(24;//A — B/B)In(1 + BP/z). (A.8)

Thus, differentiating equation (A.8) with res-
pect to temperature, the term (H? — H) results.

Since equations (A.6) and (A.8) are applicable
only for vapors, the mixing rules were modified
to determine the vapor-liquid equilibrium at the
interface and the enthalpy of vaporization.
Equation (A.1) may be rearranged as

23 — z2 + (a/T®® — BRT — b*P) Pz/(RT)?
— abPYR3T*5=0 (A9)

with the following mixing rules slightly modified
from [13]:

a = ZinxjaU (A.IO)
T

b =3 xb (A.11)
a; = QuR*T%3/P, (A.12)
aij = O'S(Qai + Qaj) RTCIUS Ucij/[0'291

- 004 (w; + ;)] (A13)
b, = QuRT,P,; (A.14)
vd; = (v& + v})2 (A.15)
T,;; = (T, T ) (A.16)

The pure component constants were deter-
mined from [12] and [14].
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The fugacity of each component was deter-
mined by [13]

In(f/x:P) = In[v/(v — b)] + bylw — b)
— (). x@;)In[(v + b)/v]/bRT**

+ [In [(v + b)/b] — b/(v + b)] ab/b>RT"S
~ In(Py/RT)  (A.17)

where the molar volume was determined via
equation (A.9).

(b) Transport Properties

Very few experimental data are available on
the binary diffusivity of high-pressure gas mix-
tures. In the absence of this information the
product ¢D 5 was estimated from a correspond-
ing states chart for non-polar substances based
on self-diffusion measurements| 15]. The method
is regarded as provisional.

Contrary to the behavior in the vicinity of the
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critical point in the case of a pure substance, the
thermal conductivity of some binary mixtures
investigated [16] does not exhibit any pro-
nounced anomaly near the critical mixing point.
The absence of this anomaly seems to be
established.

The thermal conductivity of the gaseous
mixture was estimated by using the Stiel and
Thodos pure component correlation [17] treat-
ing the mixture as a hypothetical pure com-
ponent with pseudocritical properties. These
pseudocritical constants were determined by
using the Prausnitz and Gunn’s modified rules
[12]. The molar density of the mixture was
computed via equation (A.6). Estimation of the
mixture thermal conductivity at low pressures
is required. Since it is not in general a linear
mole-fraction average of the components,
Brokaw’s method [18] was used.

Pure component properties were obtained
from [12], [19] and [20].

Résumé—Un modéle mathématique de gouttelette immobile 4 symétrie sphérique subissant une vaporisa-
tion quasi-permanente, a été étudié dans la région de son point critique thermodynamique. On entend par
régime permanent le fait que toute 1’énergie arrivant a la surface de la gouttelette est emportée entiérement
par le transport de masse. Les températures calculées en régime permanent et les vitesses de vaporisation
d’une gouttelette de gaz carbonique liquide se vaporisant dans une atmosphére d’azote sont données
pour des températures ambiantes de 500 & 1600°K et des pressions de 70 & 120 atmosphéres. Les calculs
tiennent compte des effets des mélanges non-idéaux, de la solubilité de 1'azote dans le gaz carbonique
liquide, de la variation des propriétés a travers la couche limite, de 1’effet de la pression totale sur la pression
de vapeur, et de 1a non-idéalité de I’enthalpie de vaporisation. On a trouvé que tous ces effets sont importants.
La théorie indique qu’a des pressions suffisamment élevées, les conditions du régime permanent ne peuvent
¢tre atteintes. Ceci implique que la gouttelette se vaporise d’une fagon instationnaire a partir des conditions
de I'injection jusqu’a ce que la vaporisation ait lieu complétement. Pour une pression fixée, la couche
limite thermique augmente lorsque la température ambiante croit et, pour une température de la gouttelette
fixée, diminue lorsque la pression totale augmente.

La vitesse massique d’évaporation en régime permanent augmente avec la pression et ou avec la tem-
pérature ambiante. La température de la gouttelette augmente lentement avec la température ambiante,

la vitesse de croissance étant la plus faible dans la région au voisinage de la pression critique.

Zusammenfassung—Ein mathematisches Modell eines kugelférmigen Tropfens bei quasistationérer
Verdampfung in der Néhe des thermodynamischen kritischen Punktes wurde untersucht. Durch “station-
dren Zustand” wird unterstellt, dass die gesamte Energie, die an di¢ Tropfenoberfliche gelangt, durch
Massentransport abgefiihrt wird. Es werden berechnete stationére Temperaturen und Verdampfungs-
geschwindigkeiten angegeben, fiir ein Kohlendioxidtropfchen, welches in Stickstoff von.500-1600°K
bei Driicken von 70-120 Atmosphiren verdampft. Die Berechnung beriicksichtigt den Einfluss von nicht
idealen Mischungen, die Loslichkeit von Stickstoff in fliissigem Kohlendioxid, variable Stoffeigenschaften
in der Grenzschicht, den Einfluss des Gesamtdruckes auf den Dampfdruck und eine nicht ideale Verdamp-
fungsenthalpie. Alle diese Einfliisse stellten sich als wichtig heraus. Die Theorie zeigt, dass bei geniigend
hohen Driicken der stationiire Zustand nicht erreicht werden kann. Das bedeutet, dass das Tropfchen
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von dem Einspritzzustand bis zur vélligen Verdampfung instationédr verdampft. Bei festem Druck wichst

die thermische Grenzschicht mit steigender Umgebungstemperatur, bei fester Tropfchentemperatur wird

sie mit steigendem Gesamtdruck diinner. Die Verdampfungsgeschwindigkeit fiir den stationéren Zustand

wichst mit steigendem Druck und/oder steigender Umgebungstemperatur. Die Tropfchentemperatur

wiichst langsam mit der Umgebungstemperatur, wobei die Temperaturzunahme in der Nihe des kritischen
Punktes am langsamsten ist.

Anpforamua—lcclefoBanach MaTeMaTHyeCKad MOJAeNdb cdepHuecKM CHUMMeTpUYHOMR He-
HOABMKHON KamaM npu KBa3MCTAIMOHAPHOM MCIIapeHHH B 06acTH e€ TepMOXMHAMUYECKOH
KpUTHYECKON Tournu. JIpH CTAIMOHAPHOM COCTOAHMM CUMTAETCH, YTO BCA SHEPTUA HA NOBEPX-
HOCTH KamjIM ITOJIHOCTBI0O YHOCHTCA MaccomepeHocoM. IIpuBORATCA pacyeTHHE TeMIepaTyphl
HpH CTALMOHAPHOM COCTORHMM U CKOPOCTH MCTIAPEHHA HHULKOK KAILIM IBYOKHCH YIiepoja,
HCTIAPABILENCA B aTMOCepe a30Ta pu okpYyxalouel remneparype 500-1600°K u nasrennax
ot 70 mo 120 arm. PacyeTsl y4MTHIBAJIM BIMAHME HEUJEAIbHBIX CMecelf, pacCTBODUMOCTD a30Ta
B UIKON YIIIEKUCIOTE, UBMEHEHYe CBOICTB B IOTPAHMYHOM cJIoe, BIMAHME 06IIero naBeHns
Ha JlaBIeHMe Tapa U HeMJealbHOCTh SHTAILIMM ncnapenns. Haliieno, 4o Bce aTi ddderTh
ABJAITCA BaKHHME. Teopusa MOKa3HBaeT, YTO NPH JOCTATOUHO BEHICOKUX RABJIEHMAX HEb3A
IOCTHYL CTAIMOHAPHHIX ycaoBufi. [Tog aTuM mompasyMeBaeTCA, YTO KaIlIA HECTALMOHAPHA
OT HAYaJIBHKX YCJOBAN T0 HACTYIIIEHUA MOJIHOro ucnapeHus. Ilpu PuxcHpoBaHHOM aBIeHUH
TEIIOBOt MOTPAHMYHHEI CIO# yBemMYNBACTCHA € yBeJIMYCHUEM TeMIEepaTypH OKpYHawinel
CpemEl, a Mpy (PUKCUPOBAHHOW TeMmepaType KAIIM OH YMEHBIIAETCA ¢ yBeauieHHeM 06iero
masjieruA. CKOPOCTb MCHAPEHNA B CTALMOHAPHOM COCTOAHMM YBelMYMBAETCA C yBelM4eHneM
TeMIeparypH uin Aasienus. Temneparypa Kaliu MeJIeHHO YBeJIMYMBAETCH C YBeMUESHUEM
TeMMepaTyPH OKpYKalomell CpeAbl, NpHYeM CKOPOCTh YBeIMYEHNA ABIAETCA HANMeHbLlel B
06aaCTH OKOJIOKPUTHYECKOT0 JaBJIeHUA.
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